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Abstract 

The automorphism group of the vertex operator algebra is studied by using 
its action on isomorphism classes of irreducible l^-modules. In particular, the 
shape of the automorphism group of is determined when L is isomorphic to an 
even unimodular lattice without roots, V2R for an irreducible root lattice R of type 
ADE and the Barnes- Wall lattice of rank 16. 



Introduction 

Since the introduction of vertex operator algebras (VOAs) [Bo, FLM], it has been a 
basic problem to determine the automorphism group of a VOA. For example, as is well 
known, the automorphism group of the moonshine module is the Monster simple group 
(cf. [FLM]). We believe that there are many VOAs having an "interesting" (finite) group 
as the automorphism group. 

The main objective of this paper is the VOA which is the fixed-point subspace 
of the lattice VOA Vl associated with a (positive-definite) even lattice L with respect to 
an automorphism induced from the (—1) isometry of L. In this paper, we study the 
automorphism group Aut(V^) of . Clearly Aut(V^) has the subgroup obtained as 
the restriction of the centralizer of Oy^ in Aut(VL). It was proved in [DG] that Aut(V^) 
coincides with Hl when L is isomorphic to an even lattice L of rank one except the lattice 
2Ai. On the other hand, it was shown in [DG, Gr2] that Aut(V^) does not coincide with 
Hl when L is isomorphic to 2Ai or \plE^. We call an automorphism of not belonging 
to Hi^ an extra automorphism. So the natural question occurs: "When does have 
extra automorphisms?" . 

*The author was supported by the Japan Society for the Promotion of Science Research Fellowships 
for Young Scientists. 
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Our main result is to give a uniform method of determining Aut(V^) for an even 
lattice L without roots (Section 3.4). As a corollary, we will answer the question above. 
More precisely, for an even lattice L without roots, we will show that has extra auto- 
morphisms if and only if L is obtained from a binary code by Construction B (Proposition 
3.16 (2)). Hence we obtain a new relation between the VOA and the lattice L. As 
an application, we will determine Aut(Vj^) when L is isomorphic to an even unimodular 
lattice without roots, \/2R for an irreducible root lattice R and the Barnes- Wall lattice 
of rank 16 (Theorem 4.1, 4.8 and Table 2). 

Let us explain our basic idea. Given a group G, one of effective methods of determining 
the group structure of G is to find a set X on which G acts as permutations and to 
determine both the kernel and image of the natural group homomorphism from G to the 
symmetric group Sym{X) on X. In our case, the group G is Aut(V^), and we take, as 
such an X, the set Sl of all isomorphism classes of irreducible V^-modules. 

We now recall the action of automorphisms of a VOA on isomorphism classes of 
its irreducible modules form [DM1]. Let (M, Fm) be a module for a VOA V. For an 
automorphism g of V, we set Y^{v,z) — YM{gv,z) {v e V). Then (M, Y^) is a V- 
module. If M is irreducible then so is M^, hence automorphisms of V acts on the set of 
all isomorphism classes of irreducible modules. 

We obtained the set Sl on which Aut(V^) acts. However, Sym{SL) is too large to 
describe Aut(V^) directly. So we replace Sl with a subset P oi Sl preserved by the 
action of Aut{V^), and consider a structure on P associated with the fusion rules. Since 
the action of Aut(V£^) preserves the fusion rules, we obtain a group homomorphism from 
Aut(V^) to the group consisting of all elements of Sym{P) preserving the structure of 
P. This homomorphism gives us sufficient information to determine Aut(Vj^). 

Precisely, we proceed as follows: 

(1) Describe the stabilizer Hl of the isomorphism class of V£' in Aut{V^). 

(2) Determine the orbit Ql oi the isomorphism class of V£' . 

(3) Find a subset P oi Sl such that P contains the orbit Ql and forms a vector space 
under the fusion rules. 

Here is the irreducible V£^-module which is the (— l)-eigenspace of the involution 9vj^- 
By performing the steps above, we can determine Aut(V^) in the following way. By 
the step (3), we obtain a natural group homomorphism (^y+ from Aut{V^) to the general 
linear group on the vector space P. So it suffices to determine the kernel and image of 
(y+. Since the kernel is a subgroup of the stabilizer Hlj we can determine it by step 

(1). Clearly Aut(V^) acts transitively on the orbit Ql- Hence the index of the stabilizer 
Hl in Aut(V^) is equal to the cardinality of the orbit Ql, and so is the index of the 
image of the stabilizer Hl in the image of Aut(Vj^) under the homomorphism (^y+. By 
the step (1), we can determine the image of the stabilizer Hl- In this stage, we can use 
group theoretical facts on general linear groups, and one can compute the image of (^y+ 
in principle. 
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Let us explain our arguments in the steps (1), (2) and (3) in detail. First we describe 
the stabilizer of the isomorphism class [0]~ of V[ . Clearly, any automorphism of Vl 
that commutes with the involution Oy^ preserves both and . Hence by restriction, 
we obtain a group homomorphism from the centralizer CAut(yt)(^yi) ^Vl Aut(yL) to 
Hl. We will show that this homomorphism is surjective, namely we will prove that for any 
element of Hi, there exists its preimage in CAut(VL)(^Fz,) (Theorem 3.3 and Proposition 
3.10). By using the description of KntiVi) given in [DNl], we can compute the stabilizer 
Hl of [0]~ in principle and we complete the step (1). 

Next we study the orbit of the isomorphism class [0]~ of Vj^ . When the lattice L 
does not have roots, then the degree one subspace of is zero and the automorphism 
group of is expected to be finite. (This is indeed the case as we will show in Proposition 
3.11.) We are interested in such a case, so we assume that L has no roots. If the 
isomorphism class W of an irreducible V£'"-module M belongs to Ql, then the following 
must be satisfied: 

(a) the dimension of the degree 1 subspace of M is equal to that of , 

(b) the fusion rule W xW holds. 

We note that the isomorphism class of any irreducible V^-module is either of untwisted 
type or of twisted type, which are came from (untwisted) VL-modules or ^y^-twisted 
y^-modules respectively (cf. [AD]). For simphcity, we consider the following two cases: 

(I) Ql does not contain isomorphism classes of irreducible V^-modules of twisted type, 

(II) Ql contains isomorphism classes of irreducible l^-modules of twisted type. 

In the case (I), let W be the isomorphism class of an irreducible V^-module of un- 
twisted type satisfying the conditions (a) and (6), and suppose that W is not the isomor- 
phism class [0]~ of V£ . We will prove that the lattice L comes from the Construction 
B, a well-known procedure which makes a lattice from a binary code, and that W and 
[0]~ are actually conjugate each other, that is, there exists an element of Aut(y^) which 
permutes W and [0]~. For an even lattice N obtained by Construction B, it was shown 
in [FLM] that there exists an automorphism of which cannot lift to an automorphism 
of Vjv- In our case, the automorphism of permuting W and [0]~ is given by that 
described as in [FLM]. By these consideration, we determine Ql and complete the step 
(2) (Theorem 3.15). Then, by using the fusion rules given in [ADL], we show that the 
union of Ql and the isomorphism class of forms a vector space over F2 under the 
fusion rules (Proposition 3.17), and this completes the step (3). 

In the case (II), let W be an element of Ql of twisted type. By the assumption, the 
graded dimensions of V£ and W are the same, and the fusion rules of V£ and those of W 
are similar. In this case, by the results in [ADL, FLM] , we deduce that L is a 2-elementary 
totally even lattice of rank 8 or 16 (Proposition 3.14). This implies that L is isomorphic 
to v^-E-s or the Barnes- Wall lattice Aig of rank 16 under the assumption that L has no 
roots (cf. [CS, Qu]). By using the fusion rules of given in [ADL], if L is 2-elementary 
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totally even then the set Sl of all isomorphism classes of irreducible V^-modules forms a 
vector space over F2 under the fusion rules. Furthermore, when the rank of L is a multiple 
of 8, we define a natural Aut(V^) -invariant quadratic form on this vector space (Theorem 
3.8), and obtain a group homomorphism from Aut(V^) to an orthogonal group. By using 
this homomorphism, we determine Ant{V^) when L is isomorphic to \/2Es and Aig. As 
a corollary, we see that these lattices satisfy the condition (II). 

The organization of this paper is as follows: In Section 1, we recall some definitions and 
facts necessary in this paper. In Section 2, we review the properties of the VOA V^, such 
as the irreducible modules, the fusion rules, the graded dimensions and automorphisms. 
In Section 3, we study the action of Aut(V^) on the set of all isomorphism classes of 
irreducible V^-modules, and give a method of determining the automorphism group of 
for an even lattice L without roots. In Section 4, applying this method to many 
important lattices L, we determine Aut(V^). 

Throughout this paper, we will work over the field C of complex numbers unless 
otherwise stated. We denote by the set of integers by Z and the ring of integers 
modulo q . We often identify Z2 with the field F2 of two elements. We denote the 
elementary abelian 2-group of order 2" simply by 2" and the root lattice of type R simply 
by R. We use the notation of [ATLAS] for classical groups except that we denote by 
0^(2) the orthogonal group of degree n over F2 of plus type and by ^^^(2) its simple 
normal subgroup of index 2 . We also use the notation of [ATLAS] for group extensions: 
For groups A and B, A.B denotes any group extension for which the quotient by a normal 
subgroup isomorphic to A is isomorphic io A: B indicates any case oi A.B for which 
the extension is split and A • B indicates any case of A.B for which the extension is not 
split. 

Acknowledgments. The author would like to thank Professor Atsushi Matsuo for giving 
helpful advice and comments on this paper. He also thanks Professor Alexander A. Ivanov 
for stimulating discussions on orthogonal groups, Professor Satoshi Yoshiara for valuable 
comments on finite groups, Hiroshi Yamauchi for useful advice on the simple current 
extension of a simple VOA and Toshiyuki Abe for sending him a preprint concerning the 
subject. Finally he thanks the referee for the valuable suggestions. 

1 Preliminaries 

In this section, we recall or give some definitions and facts necessary in this paper. 

1.1 Fusion rules, graded dimensions and automorphisms 

In this subsection, we recall the fusion rules and the graded dimensions from [FLM, FHL] 
and the action of automorphisms of a VOA on its modules from [DM1]. For details of the 
definition of VOAs, see [Bo, FLM]. 
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Nf.^. = dimly 



This number is called the fusion rule. The following symmetry on the fusion rules is well 
known. 

Proposition 1.1. [FHL] Let M\M^,M^ be V-modules. Then 

Let {VF*}je/ be the set of all isomorphism classes of irreducible K-modules and let M* 
be a representative of for i & I. We denote the fusion rules by using the following 
formal product: 



We note that this product is independent of the choice of representatives, and that W x 
= X by Proposition 1.1. Later, when V is the VOA V^, we will find a 
subset /' of / such that for any i,j e I' there exists a unique element k E I' satisfying 

X — W'', and will view this formal product as a binary operation on We 
often denote the isomorphism class of an irreducible K-module M simply by M. 

Let B = (BiecBi be a graded vector space over C satisfying dim Bi < oo for all i G C. 
Then the graded dimension of B is the formal sum 



Since any module of a VOA is a graded vector space whose homogeneous subspaces 
are finite dimensional, we may consider its graded dimension. Clearly, if V^-modules 
and are isomorphic then dim^M^ — dim^M^. Hence for the isomorphism class W of 
a y-module M, we often denote by dim^VF the graded dimension of M. 

Note 1.2. The graded dimension is often called the character. However, since we consider 
characters of groups later, we use the term graded dimension in order to avoid confusion. 

An automorphism of a VOA {V, Y, 1,uj) is a linear isomorphism g : V ^ V satisfying 
Y{gv, z)g — gY{v, z) for all e F that fixes the Virasoro element uj. Let Aut(F) denote 
the group of all automorphisms of V . It is easy to see that any automorphism preserves 
the grading and fixes the vacuum vector 1. 

Now we recall the action of automorphisms of V on its modules. Let (M, Ym) be a 
V-module. For an automorphism g of V , the linear map Yms is defined by 




(1.1) 




Ym9{v,z) = YM{gv,z). 
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Then — {M, Ymq) is a V^-module. The following proposition concerning is an easy 
exercise. 

Proposition 1.3. (1) // M is irreducible then is also irreducible. In particular 
Aut(l^) acts on the set of all isomorphism classes of irreducible V -modules. 

(2) The graded dimensions of M and are the same. 

(3) Suppose Vq = CI. Then, for v E Vi, g — exp(vo) is an automorphism of V and 

^ M as V -modules. 

(4) Let M\ M^, M3 be irreducible V -modules. Then N^t^M^ = N^IiI^m^,,- 

1.2 Construction B and 2-elementary totally even lattices 

In this subsection, we study lattices obtained by Construction B from binary codes and 
2-elementary totally even lattices. For details of the definitions of lattices and codes, see 
[CS]. 

Let n be a positive integer and set = {l,2,...,n}. Let {ai\ i e Q„} be an 
orthogonal basis of R" satisfying {ai,a.j) = 2Sij. For a subset J C Jin, we set aj ~ 
J2ie J '^i- C be a (binary linear) code of length n, which we regard as a subset of the 
power set of fin- Then the lattice 
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ceC ije^n 

is called the lattice obtained by Construction B from C associated with {o;,! i G fin}- The 
following propositions concerning Lb{C) are well-known. 

Proposition 1.4. Let C be a set of generators of C. Then Lb{C) is generated by {ai ± 



a 



had i,jEfln, c E C} as a Z-module. 
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Proposition 1.5. [CS] Let C be a doubly even code of length n. 

(1) The lattice Lb{C) is even and its determinant is 2"'-2dimC+2 

(2) The dual lattice Lb{C)° of Lb{C) is given by 

LeiCy = Lb{C^) + Zai + Z^. 



(3) // the minimum weight of C is greater than 4 then the minimum norm of Lb{C) is 
4, and in particular Lb{C) has no roots. 

The following are typical examples of lattices obtained by Construction B. 

Example 1.6. [CS] 
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Table 1: Automorphism groups of lattices 



R 


deti? 


Aut(i?) 


Al 


2 


Z2 


An {n ^ 1) 


n+1 


Sym^+i X 2 


D4 


4 


(2^ : S'|/m4) : ^'ymg 


Dn {n > 5) 


4 


2"-^ : 5ym„ : 2 


Eq 


3 


2.U^{2) : 2 


E, 


2 


2.5p6(2) 


Eg 


1 


2.C>+(2) 


A16 


2« 


2r •^1?(2) 



(1) Let C be the code of length n consisting of the all-zero codeword. Then Lb{C) is 
isomorphic to \/2Dn, where Di, D2 and are regarded as 2^41, Ai © Ai and A^ 
respectively. 

(2) Let C be the code of length 8 consisting of the all-zero and all-one codewords. Then 
Lb{C) is isomorphic to \/2Es. 

(3) Let i?M(4, 1) denote the first order Reed-Muller code of length 2^. Then Lb{RM{4:, 1)) 
is isomorphic to the Barnes- Wall lattice of rank 16. 

Remark 1.7. The automorphism groups and the determinants of the irreducible root 
lattices and the Barnes- Wall lattice Aig of rank 16 are summarized in Table 1 (cf. Chapter 
4 of [CS]). 

The following proposition will be used in Section 3.3. For a subset U of and 
i e Z>o, we denote Ui — {v & U\ {v, v) — {}. 

Proposition 1.8. Let L he an even lattice of rank n without roots. If there exists a vector 
A e L° n (L/2) such that |(A-|-L)2| —2n then L is obtained by Construction B associated 
with an orthogonal basis of'R(S)z L consisting of vectors in (A -|- L)2. 

Proof. First, let us show that (A+L)2 forms a root system of type A^. Since (A, A) e 2Z 
and A e L°, the lattice N — L + ZX — L\J {X + L) is even. It follows from L2 — (f) that 

(A + L)2 forms a root system. Assume that it is not of type A". Since |(A + L)2\ is equal 
to the number of roots of A", the set (A + L)2 contains a root system not of type Ai. 
Hence there exist x,y E {X + L)2 such that (x, y) = —1. Then the norm of a; -|- y is 2 and 
x + y e L, which is a contradiction for L2 = (j). Thus (A + L)2 forms a root system of type 
A^. In particular (A -|- L)2 contains an orthogonal basis of R ®z L. 

Next we show that L is obtained by Construction B. Let {ai\ i G 11„} be a basis 
of M (g) L consisting of vectors in (A + 1)2 and set M = ©iej^^Zftj. Then M° = M/2 
and M (Z N C M° . Let C be the code obtained as the image of N/M under the 
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homomorphism of vector spaces over F2: M° jM Z2, Xlten '^i^^il'^ ^ (ci,C2, . . . ,c„). 
Then we have N = J^ieQn '^^^ + Scec ^<^c/2. It follows from {ai\ i e fin} C A + L and 
2A e L that ttj ± aj G L. Let {ci, C2, . . . , c^} be a basis of C. Then there exists D C Qn 
such that Q;ci/2 belongs to eoiL) for all i, where eo denotes the linear map of R" given 
by eoicKi) = ctj if i G -D, and eoicti) = —at ii i ^ D. Since L contains a.j ± aj for all 
i,j e fin, so does eD^L). Hence it follows from Proposition 1.4 that eoiL) D Lb{C). Since 
|A^/Lb(C)| = = 2, we have tD^L) = Lb{C). Thus L is obtained by Construction 

B from C associated with {eD{oii)\ i e fin}- □ 

In the rest of this section, we consider 2-elementary totally even lattices. The VOA 
for such a lattice will be studied in Section 3.2 

An even lattice L is called 2-elementary totally even if 2L° C L and if y/2L° is even. 
Then the lattice V^Eg and the Barnes- Wall lattice of rank 16 are characterized as follows: 

Proposition 1.9. (1) (cf. [CS]) The lattice \/2E^ is the unique 2-elementary totally 
even lattice of rank 8 with determinant 2^ up to isomorphism. 

(2) [Qu, Theorem 4] The Barnes-Wall lattice of rank 16 is the unique 2-elementary 
totally even lattice of rank 16 with determinant 2^ without roots up to isomorphism. 



In this section, we review the VOA Vj/^ and its automorphisms. 
2.1 V^*" and its irreducible modules 

In this subsection, we review the VOA and its irreducible modules as well as their 
properties from [FLM, DN2, AD, Ab, ADL]. 

Let L be an even lattice of rank n equipped with a positive-definite symmetric Z- 
bilinear form (■,•). We set f)L = C (8)z and regard L as a subgroup of We extend 
the form (•, •) to a C-bilinear form on fji,. Let L° = e {y, L) C Z} denote the dual 
lattice of L. For a subset M c we set f)M = C(M) c 

Let q be the minimal positive even integer such that {L°,L°) C 2Z/g. By Remark 
12.18 in [DL], there exists a central extension L° of L° by the cyclic group {ujq) = Z^ 



such that [a, b] = k^' if a,b E L, where kl = ouq . We often regard Uq as a primitive 
q-th root of the unity. We may choose a Z-bilinear 2-cocycle £(•,•): L° x L° Z^ such 
that s{a,a) = q{a,a)/4 and denote the corresponding section by L° — > L°, a 1— > e{a). 
Let L be a central extension of L by (kl) = Z2 such that [a, b] = k^^''''^ for a,b e L. We 
regard L as a subgroup of L°. 

Let us consider the lattice VOA Vl- Form the induced I/°-module C{L°} = C[I/°](8)ck] 
C, where C[-] denotes the operation of forming the group algebra and cUg acts on C by 
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Vertex operator algebra 




(2.1) 
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the multiplication. For a subset M C L°, we set M = {a e L°\ a G Af}, C{M} = 
C[M] ®cK] C and Vm = S{i)M ® r ^C[r^]) ® C{M}. For convenience, we denote /i ® 
by /i(m) for /i e {)jv^ and m e Z. It was shown in [Bo, FLM] that Vl has a simple VOA 
structure and Vx+l has an irreducible VL-module structure for A + L e L°/L. 

The VOA Vj]' is constructed as follows. Let 9l° be an automorphism of L° such that 
6L°{uJ^e{a)) = u;™e(— a), and let 6vj^ be the unique automorphism of the Vj,-module Vl° 
such that 9vj^{h{m) (8) 1) = —h{m) ® 1 and 6'vl(1 ® e(Q;)) = 1 ® 6'/,o(e(a)) for h &\)lo and 
a e L°. For a ^y^-stable subspace we set — {v & E\ Ovi^{v) = ±v}. Then is 
a sub VOA of Vl, and V^+l and V^^"^^ are irreducible Vj^-modules for /j, e L° \ {L/2) and 
A e L° n {L/2). Such an irreducible V^^-module is said to be of untwisted type 

Let us consider irreducible V^^-modules of twisted type. Set Kl = {a~^9L°{a) \ a e L}. 
Then is a normal subgroup of L. For an L/ Ki-module T on which nK^ acts by — 1, 
we set Vl = S{i)L0 t-'^/^C[t-^]) O T. It was shown in [FLM] that has a ^/-module 
structure. Let be the unique commutative algebra automorphism of 5(1)^ (8)i~^/^C[t~^]) 
such that (f){h{m)) — —h{m) for /i e f)L and m e 1/2+Z, and let OyT be the automorphism 
of the Vj^-module given by 9yt{x ®t) — (f){x) (8) t. We also denote the ±l-eigenspace 
of OyT by y£'^. Then V^^'^ are irreducible V^-modules if T is irreducible. Such an 
irreducible V^-module is said to be of twisted type. 

We study irreducible L/Xi-modules more precisely. For a subgroup G of L/Kl con- 
taining (klKl), we denote 

X{G) = {x e Irr(G)| x(/^Li^L) = -1}, 

where Irr(G) is the set of all irreducible characters of the group G. Applying Theorem 
5.5.1 of [FLM] to L/Kl, we obtain the following proposition. 

Proposition 2.1. [FLM] The restriction map X{L/Kl) X{Z{L/Kl)) is bijective, 
where Z{L/Kl) is the center of L/Kl. Moreover the degree of any element of X{L/ Kl) 
IS equal to n 2L°)|i/2. 

We denote the irreducible L/KL-module corresponding to x ^ X{Z{L/ K^)) by T^. 

We have obtained some irreducible V^-modules. In [DN2] (for rank one) and [AD] 
(for general rank), the irreducible V^-modules were classified. 

Theorem 2.2. [DN2, AD] Let L he an even lattice. Then any irreducible -module 
IS isomorphic to one of (A G L° n {L/2)), V^+l {l^ e L° \ {L/2)) and V^""^ (x G 
X{Z{L/Kl))). 

Remark 2.3. The irreducible V^-modules in Theorem 2.2 are non-isomorphic except 
that V^+L = V^-M+L for e L° \ (L/2). 

In this paper, we use the following notation of [ADL] for the isomorphism classes 
of irreducible \//-modules: [A]± (A e L° n (L/2)), [/j] {/i e L° \ {L/2)) and [x]^ (x e 
X{Z{L/Kl))) denote the isomorphism classes of V^x+L' ^l^' respectively 

In [Ab] (for rank one) and [ADL] (for general rank), the fusion rules of Vj^ were 
completely determined. In particular, we have the following proposition. 
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Proposition 2.4. [Ab, ADL] 

(1) Let Ai, A2 G L° n {L/2) and fx & L° \ {L/2). Let W be the isomorphism class of an 
irreducible -module. Then 



[0]-x 




= [Ai]^ 




[0]-x 




= M> 








= [Ai + A2]'^ 


for some e e {±}, 


[0]+x 


w 


= W, 








- [0]+ + [0]- 





(2) Let M^, M^, be irreducible V^^ -modules. Suppose that is of twisted type and 
that Nj^i = 1- // is of twisted type (resp. of untwisted type) then is of 
untwisted type (resp. of twisted type). 

(3) The formal product x given in (1.1) is associative. 

The following proposition summarizes the graded dimensions of irreducible V^^-modules 
(cf. Section 10.5 of [FLM]). 

Proposition 2.5. Let L be an even lattice of rank n. Let A e L° fl {L/2), /j, e L°\ {L/2) 
and X G X{Z{L/ Kl)) such that A ^ L. Then we have 

r 1 Qii+L{q) 

= ^(^' 

dim4A]± = 

^ ^ 2$(g)" ' 

where = n^]^(l — g*) and Qu{q) = Saefy ^^"'"^''^ /or C M". /n particular, first few 
coefficients are given as follows: 

dim40]+ e i + ^g+( 2 +( 2 

dim,[0]- e + C''^'*^'^ +n)g^ + g'Z[g], 

dim4A]± e l(A + ^X(A+L)| ^ g.(A+L)/24-lg[g]^ 

dim*[x]"^ e dimT^gi^ 2^ ^) <i™^x?^^^ + 

dim*[xj e ndimT^g 16 +gi6"^Z[gJ, 
where t( A + L) = min{ (v, | v G A + L} . 
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2.2 Automorphism group of Vl 

In this subsection, wc describe the automorphism group of Vl after [DNl]. In particular, 
we study the action of some automorphisms of Vl preserving V^ on the set of isomorphism 
classes of irreducible l^-modules. 

Let L be an even lattice of rank n. Let Aut(L°) denote the automorphism group of 
the group L°. For g e Aut(L°), let g denote the linear isomorphism of L° defined by 
g{a) — g{e{a)), a E L°. Let 0{L°) denote the group of automorphisms of L° preserving 
the inner product (■,■). Set 0{L°) = {g e Aut(L°)| gcog = cUg, g e 0{L°)}. Wc view 
an element / G Hom(L°,Zy) as the automorphism of L° which sends e{a) to uj(''"'^e{a). 
Hence we obtain an embedding Hom(L,Zq) C 0{L°). Similarly, the group 0{L), a group 
homomorphism from 0{L) to 0{L) and an embedding Hom(L, Z2) C 0{L) are defined. 
By Proposition 5.4.1 of [FLM], we have the following exact sequences: 

1 ^ Hom(L°, Zq) ^ 0{L°) -> 0{L°) 1, (2.2) 
1 ^ Hom(L, Z2) ^ 0{L) ^ 0{L) 1. (2.3) 

Remark 2.6. If (L, L) C 2Z then the exact sequence (2.3) is split. 

For j3 e L°/2L°, let : L — > Z2 denote the element of Hom(L, Z2) given by 

fp-l^{(^.l) mod 2. (2.4) 

It is easy to see that Hom(L, Z2) = {fpl (3 e L°/2L°}. 

Since 0{L) fixes kl, an element of 0{L) is extended to an automorphism of C{L}. 
Then gr e 0(L) is also extended to a hnear automorphism of Vl by setting 

g{hi{ni) ■ ■■hk{nk) ® a) ^ g{hi){ni) ■ ■■g{hk){nk) g{a), (2.5) 

where e Z<o, hi E i)L and a e C{L}. By [FLM, Corollary 10.4.8], this extension 
gives an automorphism of the VOA Vl- Thus we have an injective group homomorphism 
0{L) Aut(VL) of which the image is identified with 0{L). For g G 0{L), we call g a 
lift of g. By [DNl], the automorphism group Aut(Vi,) of Vl is described as follows: 

Theorem 2.7. [DNl, Theorem 2.1] Let L be an even lattice. ThenAut{VL) = N{Vl)0{L), 
where A^(Vl) = (cxp(fo)| v G (Vl)i) is a normal subgroup of Aut(V^). Moreover, 
KvXiyL) / N {Vl) is isomorphic to a quotient group of 0{L). 

In the previous section, the involution of Vl is given to define the VOA Vj^. Clearly 
6vj^ is a lift of the (— l)-isometry which sends a G L to —a. The centralizer of in 
Aut(VL) plays an important role in this paper. 

Proposition 2.8. The centralizer C xut(VL){^VL) of Oy^ m Aut(Vi,) is C]s[[Vl){^Vl)0{Li). 
In paHicular, if L2 ^ (p then CAut(Vi)(^Vi) = 0{L) ^ (Z2)'*.0(L). 
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Proof. By Theorem 2.7, Aut(V/^) = N{Vl)0{L). Since the (— l)-isometry belongs 
to Z{0{L)) and Oy^ commutes with Hom(L,Z2), we have 0{L) C CAut(VL)(^Vi)- Since 
A'"(V£,) is normal, the first assertion follows. 

Suppose L2 — (j). Then we have {Vl)i — 1). It suffices to show that Cn{Vl){^Vl) C 
0{L). Let h{—l) e 1). Then the exponential exp(/i(— l)o) sends a; ® a e to 
exp((/;,, a))a; (g> a. Hence cxp(/i(— l)o) commutes with if and only if h E t{\J —\L° . It is 
easy to see that exp(7r\/^/3(— l)o) = /a for /3 e L°. Thus C'Ar(Vi,)(^Vi) = Hom(L,Z2) C 
0(L). □ 

By the definition of and the proposition above, the group CAut(VL)(^yz,) ^^cts on 
. We describe the action of 0(L) on the set of all isomorphism classes of irreducible 
Vj^-modules of untwisted type. 

Proposition 2.9. For g e 0{L), we have 

W = VMi f^eL°\{L/2), 
{[A]^'n = iimfh AGL°n(L/2), 

[0]^'^ = [o]^ 

where we regard g e 0{L) as an automorphism of L°. Moreover, if g — 1 then for 
A e L° n (L/2), 

_ r [A]± if ^(2A) = 0, 
- \ [A]^ if ^(2A) = 1, 

where we regard g as an element o/Hom(L, Z2). 

Proof. Let a be a vector in L°. Since 0{L) = 0{L°), there exists an element h of 
0{L°) such that g = h. Then /i is extended to a linear automorphism of Vl° mapping 
Va+L to V^(a)+L as in (2.5). In particular, its restriction to Vl is an element of Aut(Vi,)- 
By Theorem 2.7, there exists an element / e N(Vl) such that g — f o h\Vj^ e 0{L). By 
Proposition 1.3 (3), we have V/^^ = V^+l- Hence we obtain V^^j^ = h{Va+L) = V^(a)+L- In 
particular, we have = [^(/x)] for e L°\(L/2), {[A]±'»} = {[^(A)]±} for A e L°n(L/2) 
and [0]±'3 = [0]±. 

We assume that g — 1. Then g = f/3 for some (3 E L° . Let A be an element 
of L° n {L/2). Let ■0/3 ^ ^a+l — ^ Vx+l be the isomorphism of V£,-modules defined by 
X (8) e(A + 7) 1-^ (v^^)^^'^-^^x (8) e(A + 7), 7 G L. Then ^)V'/3W^ = ^pyiv, z)w for 

u G Vl, w G Va+l. It is easy to see that ^Vl'^/j = (— Ij^^'^'^^'^/j^y^. Therefore we obtain 
this proposition. □ 

The following lemma is useful in calculating the automorphism group of . 

Lemma 2.10. Let N he a sublattice of L° fl {L/2) such that L C N. Set 

G = {ge 0{L)\ [A]^'^ = [A]^ for ^£ G {±}, "^A G N}. 
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Then the following sequence 

1 ^ {/ e Hom(L,Z2)| /(2A^) ^ 0} ^ G ^ {g E 0{L)\ g ^ 1 on 2N/2L} 1 
is exact. 

Proof. By the exact sequence (2.2), it suffices to determine both Hom(L, Z2) fl G and 
G. By Proposition_2.9, we have Hom(L, Z2) n G = {/ e Hom(L,Z2)| f{2W) = 0}. 
Let us determine G. By Proposition 2.9, G acts trivially on 2N/2L. Hence we have 
G C Go = {g e 0{L)\ g = I on 2N/2L}. Conversely, let h be an clement of Gq. Then 
there exists g G 0{L) such that g = h hj the exact sequence (2.2). Let s : 2N/2L Z2 
be the map defined by g{a) = {—iy^"'^a for a e 2A^. Then s is a homomorphism of groups. 
Since 2N/2L is a subspace of L/2L over F2, s is extended to Sq £ Hom(L, Z2) such that 
So = s on 2N/2L. Hence we have an element Sog e G such that 's^g — h. Therefore we 
obtain G — Gq. □ 



2.3 Extra automorphisms of 

In this subsection, we construct some automorphism of called an extra automorphism 
for an even lattice L obtained by Construction B along the line of [FLM] . The term "extra 
automorphism" means that it does not fix the isomorphism class of V^. We will show in 
Proposition 3. 10 that an automorphism of is extra if and only if it is not obtained as 
the restriction of an automorphism of Vl to V^. 

Let C be a doubly even code of length n and let {ajj i e Q„} be an orthogonal basis 
of of norm 2. Let Lb{C) be the lattice obtained by Construction B from C associated 
with {ai\ i G Then Lb{C) is an even lattice of rank n by Proposition 1.5 (1). Set 

La{C) = Lb{C) + Zcti, and fix G La{C) for each k ^Vtn such that = a^. Let a be 
the operator of Vl^(c) defined by 

a = ]^exp((l + ^)(afc)o)exp(J^(afe')o)exp((-l + v^)(afe)o). (2.6) 
fe=i ^ 

Then a is an automorphism of the VOA Vla(C)- 

Remcirk 2.11. The automorphism a depends on the choice of the orthogonal basis 
{ctjl i G of norm 2 which is used in the construction of the lattice Lb{G). 

The following proposition is a slight modification of [FLM, Proposition 12.2.5]. 

Proposition 2.12. Let J be a set of generators of an even lattice L of rank n and let 
{hk\ k G he a basis ofi)^. Then the VOA is generated by {hi{—l)hj{—l), a'^\ i,j G 
Q„ a G J}; where a'^ — a + 9vj^{a). 

Let J be a set of generators of Lb{G) given in Proposition 1.4. By the proposition 
above, J = {ai{—l)aj{—l), a+l j G Q„ a G J} is a set of generators of V^^^^^y The fol- 
lowing proposition follows from [FLM, Theorem 11.2.1, Corollary 11.2.4 and Proposition 
12.2.1]. 
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Proposition 2.13. [FLM] The automorphism a preserves the set J. In particular a is 
an automorphism ofV^^^^y Moreover the order of a is two. 

The following proposition is a slight generahzation of [FLM, Proposition 12.2.7]. 

Proposition 2.14. The automorphism a sends ^^(c) and V~^j^^^^,^ to Vai+Lsic) ^^'^ 
'^ai+LBic) T^espectively. In particular, [0]^''^ = [ai]^ and [ai]^'*^ = [ai]^. 



This proposition shows that a is an extra automorphism of 



Lb{C)- 



Remcirk 2.15. In [FLM], it is assumed that the all-one codeword belongs to C. However, 
this assumption is not necessary to obtain the extra automorphism a of V^^^^y 



3 Automorphism group of V£' 

In this section, we study the automorphism group Aut(V£'') of by using its action 
on isomorphism classes of irreducible V^^-modules, and give a method of determining 
Aut(Vl+). 



3.1 VOA fixed by a finite abelian group 

In this subsection, we study the automorphism groups of a simple VOA and its sub VOA 
obtained as the fixed-point subspace under an abelian automorphism group. We will 
apply the results of this section to the VOAs Vl and in Section 3.3. 

Let V he a simple VOA and let D be a finite abelian subgroup of Aut(V^). For 
d e Hom(D,C^) we set V{d) = {v e V\ b{v) = d{b)v \/b e D}. Since the field C 
is algebraically closed and D is finite abehan, we have V = ©(igHom(D,cx)^(<^)- Let Id 
denote the identity element of Hom(L),C). Then V{lu) is a subVOA of V and V{d) 
is a y(l£))-module. Clearly the restriction Ya^^a2{'^:^) of ^('^^ -2) to V{d2) for u e V{di) 
is an intertwining operator of type (^vid[)^v\d2)) ■ ^^^^ paper, we will use the following 
properties of V{d) studied in [DM1]. 

Theorem 3.1. [DM1] Let V be a simple VOA and let D be a finite abelian subgroup of 
Aut(F). Then {V{d)\ d e Hom(£),C^)} is a set of non-isomorphic irreducible ^(Id)- 
modules. In particular, V{1d) is a simple VOA. 

The following proposition obtained in [DM2] is crucial for our purpose. 

Proposition 3.2. [DM2, Proposition 5.3] Let V = {V,Y, l,uj) be a simple VOA and let 
D be a finite abelian subgroup o/Aut(y). Suppose that V{di) x V{d2) = V{did2) for all 
di e Hom(L), C^). IfV = {V, Y, l,uj) is also a simple VOA with Y{v, z) = Y{v, z) for all 
V e V{1d) then there exists an isomorphism t : V ^ V of VOAs such that T|y(i^) is the 
identity operator and r preserves V{d) for all d e Hom(D, C^). 
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Clearly, the normalizer A^Aut{v)(-D) of D in Aut(K) preserves V{l£)) and d G 

Hom(D,C^)} as a set of ^(1/)) -modules. We note that ii g & -^Aut(v)(-D) satisfies 
g{V{di)) = V{d2) then ^(^1)^1^(10) ^ ^(^2) as V"(li5)-modules. Consider the restric- 
tion homomorphism 



<Pv ■ NAutiv){D) H, 



where 

H= |/i e Aut(V(li5)) {V{d)^\ deliom{D,C'')} = {V{d)\ d e Hom(D, C^)}}. (3.1) 

Theorem 3.3. Let V — (V, Y, 1, cu) be a simple VOA and let D he a finite abelian subgroup 
of Ant{V). Suppose that V{di) x V{d2) = V{did2) for all di e Hom(D,C^). Then the 
restriction homomorphism (fy is surjective and Ker (pv — D. 



Proof. First we show the surjectivity of ipv- Let g be an element of H. For any 

di G Hom(D,C^), there exists a unique clement d2 of Hom(D,C^) such that V{d2) = 
V{diy as \/(l£))-modules by Proposition 3.1 (2), and let -0^2 : V{d2) V{diy be an 
isomorphism of y(li))-modules. Then 

Yij,4,{gv, z)'^d2 = '0d2^iD,<i2(^> ^) (3-2) 
for V e V(l£)). In particular, we may choose 

i^iB = 9 (3-3) 

since V(l£))^ = V^(1d) and Yi^^i^{gv, z)g = gYi^^^ij^^v, z) for f G V(1d). Then we have 
a linear automorphism ip — ®deiiom{D,c^ )iljd of V. Set Y9{v,z) = il;~^Y{tlj{v),z)ilj for 
V e y. By (3.3), it is easy to see that V — {V,Y^ ,l,u;) has a VOA structure. Moreover, 
for V e y 



ipY<^{v, z) = il:ip-^Y{iP{v), z)ip = Y{iP{v), z)ip. 

Hence tjj is an isomorphism of VOAs from V to V. By (3.2) and (3.3), Y^{v, z) = Y{v, z) 
for V G V{1d)- Applying Proposition 3.2 to V and V, we obtain an isomorphism t : V 
V such that T|v(i£,) is the identity operator and r preserves V{d) for all d G Hom(D, C^). 
Then r o ^0 is an automorphism of the VOA V such that its restriction to y(li5) is and 
T ot/j e NAut(v){D). Therefore </?y(r oip) — g^ and </?y is surjective. 

Next we determine the kernel of (pv- Let h be an clement of Ker ipv- By Schur's lemma, 
h acts on V{d) by a scalar A^^ G for each d G Hom(Z}, C^). In particular, Ai^ = 1. By 
the assumptions on the fusion rules, we have \di)^d2 = -^^1^2 '^i ^ Hom(D, C^). Hence 
h & D. Clearly D C Ker cpv- Therefore we obtain Ker ipv — D. □ 
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3.2 Vj^ for a 2-elementary totally even lattice 

In this subsection, we study the irreducible Vj^-modules and their fusion rules for a 2- 
elementary totally even lattice L. The results of this section will be used for the description 
of Aut{V]^) when L is isomorphic to \/2Eq and the Barnes- Wall lattice of rank 16 in 
Section 4.2 and 4.3. 

Let L be a 2-elementary totally even lattice L of rank n, namely 2L° C L and both L 
and \/2L° are even. Then L°/L = for some m E 7^. We note that the determinant of 
L is equal to 2™. By Theorem 2.2 and Remark 2.3, has exactly 2™""*"^ non-isomorphic 
irreducible modules V^j^ {X + L E L° / L) of untwisted type. Let us consider irreducible 
V^-modules of twisted type. By Proposition 2.1, such a V^-module is uniquely deter- 
mined by an element of X{Z{L/Kl)). Since 2L° c L, we have Z{L/Kl) = 2L°/Kl. 
Since {a, a) E 4Z for all a E 2L°, the group 2L°/Kl is an elementary abelian 2-group. 
We choose a complement G to (klKl) in 2L°/Kl, which is a subgroup of 2L° /K^ such 
that 2L°/Kl = G{klKl) and G n {klKl) = {Kl}. Then the map G 2L°/2L, a^a 
is an isomorphism of groups, so we identify G with 2L° /2L. Let x ^ Xi2L° / K^). Then 
there exists a unique coset A + L e L° / L such that x{l3) = (-1)<^'''> for (5 E 2L° /2L. 
We denote such a character by x\- We note that this notation depends on the choice of 
the complement. Hence has exactly 2™+^ non-isomorphic irreducible modules V^^^' 
(A+L E L° /L) of twisted type. Therefore has exactly 2™"*"^ non-isomorphic irreducible 
modules when L is a 2-elementary totally even lattice with determinant 2"^. 

Let -S'l be the set of all isomorphism classes of irreducible V^-modules. By the argu- 
ments above, Sl — {[A]^, [xa]^| A -I- L e L°/L}. Let us describe the fusion rules of Vj^. 
The fusion rules in this case is clearer than those in general case. We regard {±} as the 
group of order 2 generated by — . Let u : L° ^ {±} be the map defined by i'{a) = + if 
{a, a) E 2Z, and z/(q;) = — if (a, a) e 1 -|- 2Z. Applying the results of [ADL] to our case, 
we obtain the following proposition. 

Proposition 3.4. Let L be a 2-elementary totally even lattice. Then the fusion rules of 
Vj^ are described as follows: 

[XiY X [A2]^ = [Ai + 

[XxA'xiXxI = [Ai + A2]^^^(^^)^(^^\ 

where S,e E {±} = Z2 and Ai, A2 E L°. 

Now, we view the formal product x as a binary operation on Sl- By Proposition 
1.1 and 2.4 (3), this operation is associative and commutative. It is easy to see that 
W X W = [0]"*" for all W E Sl- Hence Sl has a structure of an elementary abelian 2- 
group. So the set Sl forms an (m -|- 2)-dimensional vector space over F2 under the fusion 
rules. 

Remark 3.5. Let L be an even lattice. If 2L° (t L then [fj] x [fj] = [0] + [2fj] for 
/X e L° \ (L/2). If V2{L° n (L/2)) is not even then [A]+ x [A]+ = [0]" for A e L° n (L/2) 
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with (A, A) G 1/2 + Z. Hence the set 5*^ forms a vector space over F2 under the fusion 
rules if and only if L is 2-elenientary totally even. 

Let us consider the action ol 0{L) on Sl- 

Lemma 3.6. For fjs G Hom(L, Z2), X E L° and e e {±}, we have 

In particular, fixes all isomorphism classes of irreducible -modules of twisted type if 
and only if f3 e L/2L°. 

Proof. We set X\\c'') = {~^)''^'"'^X\{ci)-, a ^ L. By the definition of x\i we have 
xf^ = Xx+p- It is easy to see that the actions of Z{L/Kl) on [xa]^'''^^ and [x^f'Y 
same, hence [xa]^''^'^ = [x^^^]^- Thus we obtain [xa]^''^'^ = [xa+z?]^- Q 

Lemma 3.7. Let F be the group consisting of all elements of 0{L) / {Oy^^) that fix all 
isomorphism classes of irreducible -modules. Then the sequence 

1 ^ {fp\ 13 e L/2L°} ^F^{ge 0{L)\ ^ = 1 on 2L72L} ^ 1 

is exact. 

Proof. By Lemma 2.10 and Lemma 3.6, we have F fl Hom(L, Z2) = {//3I j3 G L/2L°} 
and F C {g( G 0{L) \ g = 1 on 2L°/2L}. Let us show that this inclusion becomes equality. 
Let /lo be an automorphism of L acting trivially on 2L° /2L and let h be an element of 0{L) 
such that h — Hq. Then there exists a map s : 2L°/2L — > Z2 such that h{a) — (— l)*(")a 
for a G 2L°. It is easy to see that s is a group homomorphism and s = fjs for some 
(3 G L° /2L° . Hence fph fixes all isomorphism classes of irreducible modules of twisted 
type. By Theorem 3.4, fhp also fixes all isomorphism class of irreducible V^^-modules of 
untwisted type. Hence fhfj G F and fph — Hq. Thus we obtain F — {g e 0{L)\ g — 
1 on 2L72L}. □ 

We saw that the set Sl of all isomorphism classes of irreducible V^^-modules forms a 
vector space over F2 under the fusion rules. We will introduce a quadratic form on Sl 
preserved by the action of Aut We are interested in the cases n E SZ since we will 

consider 2-elementary totally even lattices \/2E^ and Aig later. So, in the rest of this 
subsection, we assume n G 8Z. Then by Proposition 2.5, dim^H^ belongs to either Z[g] 
or q^/'^Z[q] for each W G Sl- 

Let qh '■ Sl ^ ¥2 be the map defined by 



r if dim,(iy)GZ[g], 
WV) if dim, (H^) Gg^/2^[g], 
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where W G Sl. In the other word, 



qL{[x\\~) = 



(A, A) mod 2, 



/ 1, (nG8 + 16Z), 



\ 0, (ne 16Z), 



0, (nG8 + 16Z), 



1, (n e 16Z), 



where A e L°. By Proposition 1.3 (2), qiiW) = qiiW^) for W e Sl, g e Aut(y/). 

Theorem 3.8. Let L be a 2-elementary totally even lattice whose rank is a multiple of 8. 

Then the map qi is a quadratic form associated with a non-singular symplectic form on 
Sl such that qL{W) = qL{W3) for all W e Sl, g e Aut(V^+). 

Proof. Let us check that the form (■, ■)l '■ Sl x Sl ^ ^2 defined by {x,y)L = qiix) + 
Qiiy) — + y) is non-singular symplectic. Let vr : {±} F2 be an isomorphism of 
groups such that 7r(+) = and 7r(— ) = 1. Let Ai,A2 be vectors in L° and let 5, £ be 
elements of {±}. It is easy to see that 



gL([Ai]') + qLiXMY) + gL([Ai + A2]'^) = (Ai, Ai) + (A2, A2) + (Ai + A2, Ai + A2) 

= 2(Ai,A2), 

qLm') + 9l([xa.]^) + gL([XA,+A.]'^^("^)'^("^+"^)) = (Ai, Ai) + n{e) + n{5e) 

+(A2,A2) + (Ai + A2,Ai + A2) 

= 2(Ai,A2) + 7r(5), 

qL{[xxA') + qL{[xx,r) + + A2]^^'^(^^)'^(^^)) = 7r(5) + 7^{e) + (Ai + A2, Ai + A2) 

= 7r(fe) + (Ai + A2,Ai + A2). 



We will show that (•, •)l coincides with the non-singular symplectic form (•, •) defined by 



([Ai]+,[A2]+) = 2(Ai,A2), ([Ai]+,[xo]^) = 0, ([xo]+, [xo]-) = 1, ([xo]^ [xo]^) = 0. 



m'AH) = ([Ai]+,[A2]+) = 2(Ai,A2), 

([Al]^ [XA.]^) = ([Ai]^ [A2]^'^(^^)) + ([Al]^ [xo]^) = 2(Ai, A2) + 7r{S), 

([XAJ^ [XA.]^) = ([Ai]^'^(^^),[A2]^'^(^^)) + ([Ai]^^(^^),[Xo]+) 

= 2(Ai,A2) + 7r(5z/(Ai)) + 7r(£z/(A2)) 

= (Ai + A2,Ai + A2) + 7r(&). 



Hence we have 



([Al]^[A2]^)L 
([Al]^[xA.]^)L 

([Xai]^ [xa2]^)l 



2(Ai,A2), 

2(Ai,A2)+7r(5), 

(Ai + A2, Ai + A2) +7r(fe). 



It is easy to see that 
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Hence we have {■, ■)l — {■, ■)■ particular, the form (•, •)i is non-singular symplectic. □ 

We consider the type of the quadratic from Q'l- By the definition of g^, Sl decomposes 
into an orthogonal direct sum Sj^ = >S'o © {[0]^, [xo]^} with respect to the symplectic 
form associated with q^, where Sq = {[A]"*"! A G L°/L} is a subspace of Sl. On the 
other hand, L°/L is a vector space over F2 equipped with a non-singular quadratic form 
q{X + L) = (A, A) mod 2, A G L°/L. The linear isomorphism / : L°/L Sq, X+L ^ [A] + 
show that the types of the restriction of ql to 5*0 and q are the same. Since the type of 
the restriction of qL to {[0]^, [xo]^} is plus, the type of qL is equal to that of q. Hence we 
obtain the following remark. 

Remcirk 3.9. The type of qi is equal to that of the quadratic form q on L°/L given by 
q{X + L) = (A, A) mod 2, A e L°/L. 

3.3 Action of the automorphism group of on isomorphism 
classes of the irreducible modules 

In this subsection, we study the action of Aut(y£^) on the set of isomorphism classes of ir- 
reducible Vj^-modulcs. Among other things, we consider the stabilizer of the isomorphism 
class [0]~ of the orbit of [0]~. 

Let L be an even lattice of rank n and let Sl be the set of all isomorphism classes of 
irreducible y£^-modules. Let Hl be the stabihzer of [0]" under the action of Aut{V^) on 
Sl, that is, HL^{ge Aut{V+)\ [0]-'^ = [0]-}. 

First we determine the group Hl- It is easy to see that Vl and satisfy the 

assumption of Theorem 3.3. We note that CAut(yi)(^vi) = A^Aut{Vi)((^yL)) since the order 
of 9vi^ is two. By Theorem 3.3, the restriction homomorphism from CAut(Vi)(6'vL) to Hl 
is surjective and its kernel is (^y^). Hence we have the following proposition. 

Proposition 3.10. The stabilizer Hl of [Q]~ is C ava{Vl){^Vl) / (Qvl) ■ 

As an application of Proposition 3.10, we have the following proposition. 

Proposition 3.11. The group Aut(V^) is finite if and only if L has no roots. 

Proof. Suppose that L has roots, and let a be a root of L. Then v = e{a) + 6vj^{e{a)) 
is a vector in {Vj^)i. It is easy to see that fo(e(2Q;) -|- 9v^{e{2a))) ^ 0, which implies that 
exp(wo) generates an infinite subgroup of Aut(Vj^). 

Conversely, suppose that L has no roots. Then CAut{VL){^VL) is finite by Proposition 
2.8. By Theorem 2.2 and Remark 2.3, the cardinality of Sl is finite. Hence |Aut(V2'')| < 
1-5^1 • \CAut(vd^vJ/{Ov^)\ < 00. □ 

Set O ^ {W e Sl\W xW ^ [0]+, dim^W = dim,[0]-}. Then we have the following 
lemma. 

Lemma 3.12. Let L be an even lattice of rank n. 
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(1) If 8,16 then O C{[0]-,[X]^\ Xe L°n{L/2), |(A + Ljsj = 2n + IL2I}. 

{2)Ifn^8thenOC{[0]-,[X]^, [x]-| A e L° n (L/2), |(A + L)2| = 2n + IL2I, x e 
X(Z(L/Kl))}. 

{3) If 16 then O C {[0]-,[X]^, [x] + | A e L° n (L/2), |(A + L)2| = 2n + IL2I, x e 
X{Z{L/Kr.))}. 

Proof. Proposition 2.4 (1) sliows tiiat [fj] ^ O for G L° \ {L/2). Let A be a vector 
in L° n (L/2) and let e be an element of {±}. If [A]^ e O then dim(l^/^^)i = dim(y^-)i. 
By Proposition 2.5, we have |(A + L)2| = 2n+ \L2\. Let x be an element of X{Z{L/Kl)). 
By Proposition 2.5, if [x]+ e O then n = 16, and if [x]~ e O then n = 8. □ 

Next we consider the orbit Ql of the isomorphism class [0]~ of V£' or Ql = {W E 
Sl\ — [0]~, e Aut(y£'")}. Let us study an even lattice L satisfying the following 
condition: 

(I) Ql contains isomorphism classes of irreducible V^-modules of twisted type. 

Lemma 3.13. Let L be an even lattice satisfying (I). Then 2L° C L. 

Proof Suppose that 2L° ^ L and let fi G L°\ (L/2). By Proposition 2.4 (1), the fusion 
rule [0]~ X [fj] = [fj] holds. By the condition (I), there exists g G Aut(Vj^) such that [0]"'^ 
is of twisted type. Then the fusion rule [0]"'^ x [/i]^ = [p,]^ contradicts Proposition 2.4 
(2). □ 

The identity relating the theta series of a lattice and the Dedekind 77-function is crucial 
in the following proposition. 

Proposition 3.14. Let L be an even lattice satisfying (I). Then L is a 2-elementary 

totally even lattice of rank 8 or 16. Moreover, if L does not have roots then L is isomorphic 
to either \/2E^ or the Barnes-Wall lattice Aig of rank 16. 

Proof. By Lemma 3.12, the rank n of L is 8 or 16. By Lemma 3.13, 2L° C L. Let m 
be the integer given by |L°/L| = 2™. We note that 2™ is the determinant of L. 

Let us check that (w, f ) G Z for all v G L°. Set 5 = + if n = 16, and £ = — if n = 8. 
Let X be an element of X{Z{L/Kl)) such that [0]"'^^ = [xY for some g G Aut{V^). By 
Theorem 2.1, the dimension of T^. is equal to |L/(Ln2L°)|^/^ = 2^=/^, where k ^ n — m. By 
the equation dim*[0]~ = dim*[x]^ and Proposition 2.5, the theta series of L is described 
as follows: 

^^^^^ - ^^^^ — wf — ' ^ ^ ^ 

^ ' 77(2t)16 r?(r/2)i6 r]{Tf^ ^ ' 
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where q = e'^^^^'^ and rjir) = (/^^^^n^^(l — g'), which is called the Dedekind 7y-function. 
The following formulas are well-known: 

Thus, we obtain the theta series of L°: 

- ;k^+^ WJW~ — — ' ^ ' 

In particular, 0l°(q') G Z[g^/^], which implies that {v,v) e Z for i> e L°. Therefore L is 
2-elemcntary totally even. 

Suppose that L does not have roots. Then the coefficients of q in (3.4) and (3.5) are 
zero. So we have A; = if n = 8, and A; = 8 if n = 16. Hence the determinant of L is 2^. 
By Proposition 1.9, L is isomorphic to either V2E8 or Aig. □ 

We will indeed check that v^-Eg and Aie satisfy the condition (1) later (see Proposition 
4.7 and Remark 4.10). 

In the rest of this section, we consider the orbit Ql for an even lattice L of rank n 
satisfying the following condition: 

(II) L has no roots and is isomorphic to neither V^Eg nor Aig. 

Then, by Proposition 1.3 (2) and (4), Ql Q Hence, by Lemma 3.12 and the condition 
(II), we have 

<9lC{[0]-,[A]±| AeL°n(L/2), |(A + L)2| -2n}. (3.8) 

We show that this inclusion becomes equality. The extra automorphisms given in Section 
2.3 are crucial in the proof of the following theorem. 

Theorem 3.15. Lei L be an even lattice of rank n satisfying (II). 

(1) gL = {[0]-,[A]±| AeL°n(L/2), |(A + L)2| = 2n}. 

(2) // \ Ql\ > 1 then L is obtained by Construction B. 

Proof Set Q = {[0]-,[A]^| A e L° n (L/2), |(A + 1)2] = 2n}. By (3.8), we have 
QlQQ- If Q = {[0]"} then the assertion is trivial. So we assume \Q\ > 1. Let [A]+ be an 
element of Q. By Proposition 1.8, the lattice L is obtained by Construction B associated 
with an orthogonal basis consisting of vectors in (A-|-L)2. By Proposition 2.6, there exists 
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a e Aut(V^) such that [0]"''^ = [A] + , hence [A]+ G Ql- By Proposition 2.9, there exists 
/ e Hom(L,Z2) C Aut(yf^) such that [A]"'^ = [A] + . Therefore Q C g^, and Q = Ql- 
The arguments above show (2) as welL □ 

As an apphcation of Theorem 3.15, we obtain the following proposition. 
Proposition 3.16. Let L be an even lattice without roots. 

(1) Aut(y£'") is generated by 0{L)/ {9v^) and the extra automorphisms given in Section 
2.3. 

(2) 0{L) / {dvj^) C Aut(l^) if and only if L is obtained by Construction B. 

Proof. First let us show (1). The stabilizer of [0]~ is isomorphic to 0{L)/ {6v^) by 
Proposition 2.8. Suppose that L is isomorphic to neither \/2Eg nor Aig. Let G be the 
subgroup of Aut(V^) generated by Hl and the extra automorphisms given in Section 2.3. 
By the arguments in the proof of Theorem 3.15, G acts transitively on Ql- Hence we 
obtain G = Aut(V^). We will later check that this assertion holds when L = V^E^ and 
Ai6 (see Remark 4.6 and 4.9). 

Next we prove (2). If L is reahzed by Construction B, then has the extra auto- 
morphisms given by (2.6), hence 0{L)/{evj) C Aut(y^). Conversely if 0{L)/{9vj^) C 
Aut(V£^) then \Q\ > 1 since the stabihzer of [0]~ is 0{L)/{dvi) (cf. Proposition 2.8 and 
3.10). By Theorem 3.15 (2), L is obtained by Construction B. □ 

In theorem 3.15, we determined Ql. So we obtain a natural group homomorphism 
from Aut(V£^) to Sym{QL), where Sym{QL) is the group of permutations on Ql- We 
denote this homomorphism by (y+ The shape of Aut{V^) can be described by the kernel 
and image of (y+. Since [0]^ belongs to Ql, the kernel Kcr (y+ of (y+ is a subgroup of the 
stabilizer of [0]^. By Theorem 2.7, Proposition 2.8 and 3.10, we can determine Ker (y+ 
in principle. However, SymlQi) is too large to describe the image Im (y+ of (y+. So, we 
consider a certain structure on the orbit Ql preserved by the action of Aut(V^). 

Proposition 3.17. Let L be an even lattice ofrankn satisfying (II). Set P = QiU{[0]^}. 
Then for any W'^, W"^ G P, there exists a unique element of P such that x W"^ = 
W^. Moreover P forms a vector space over ¥2 under this binary operation. 

Proof. If Ql = {[0]"} then the assertion is trivial. We assume \Ql\ > 2. If = [0]"*" 
or W'^ — [0]"^ then the first assertion is trivial. Hence we may assume that W^,W^ G 
Ql. Then there exists g G Aut(V^) such that W^'^^ = [0]". By Theorem 3.15, the 
set Ql consists of isomorphism classes of irreducible modules of untwisted type. So 
1^2,3 ^ ^)^Y for some A G L° fl {L/2) and e G {±}. By Proposition 2.4 (1), the fusion rules 
[0]-x[A]± = [A]^ holdforaUA G L°n(L/2). Thus we have VT^xVT^ = g-\W^'<^ xW'^''^) = 
g-\[0]- X [A]^) = g-'^[\Y° G P, where {e,eo} = {±}. 

By Proposition 2.4 (3), the binary operation x is associative and commutative, hence 
this operation gives the structure of an abelian group on P. Since Aut{V^) acts transi- 
tively on Ql and [0]~ x [0]~ = [0]"*", the order of any element of Ql is 2. Therefore P is an 
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elementary abelian 2-group, namely P forms a vector space over F2 under the operation 
X. □ 



By Proposition 1.3 (4), Aut(V^) preserves the group structure on P. Wc regard 
Im Cy+ as a subgroup of the general linear group GL{P) on the vector space P. Set 

Ul = [X + Le {L°n {L/2))/l\ |(A + L)2| = 2n} U {L}. (3.9) 

Let Xi + L, X2 + L be elements of Ul- By Proposition 2.4 (1), we have [Ai]"*" x [A2]''" = 
[Ai + A2]'^ for some e G {±}. It follows form Proposition 3.17 that Ai + A2 G Ul- Hence 
the set Ul is a subspace of (L° fl {L/2))/L. Since 0{L) = 0{L°), the group 0{L) acts on 
Ul- Let Pl denote the natural group homomorphism from 0{L) to GL{Ul)- The image 
of Cy+ is described in the following proposition. 

Proposition 3.18. Let L he an even lattice satisfying (II) and let Hl he the stahilizer of 
the isomorphism class [0]^ ofV[ . Then (y+^Hl) is of shape 2'^^^^'^ .pl{0{L)) . Moreover 

if Pl is surjective then (^y+ is also surjective. 

Proof. The first assertion follows from Proposition 2.8 and 2.9. Suppose that Pl is 
surjective. If dim Ul = ^ then dim P = 1 and the second assertion is trivial. So we 
assume dimL^L > 1. Clearly (y+^Hl) is a subgroup of the stabilizer G of [0]^ under 
the action of Im (y+ on P. By the first assertion, (y+{HL) is of shape 2'^™'^^.GL([/l). 
The one-point stabilizer under the natural action of GLm+i{2) on non-zero vectors in 
F^+^ is maximal and of shape 2"*.G'L^(2). Hence Cv+{Hl) = G. By Theorem 3.15, 
Proposition 3.16 (2) and the assumption that dimf/^ > 1, there exists a G Aut(V^) such 
that Cy+('^) ^ Hence we have G C Im (y+ C GL{P). Therefore (y+ is surjective. □ 



3.4 Main results 

We will summarize the results given in Section 3.2 and 3.3. 

Let L be an even lattice of rank n and let Ql be the orbit of the isomorphism class 
[0]~ of the irreducible V^-module V£ under the action of Aut(V£^) on the set Sl of all 
isomorphism classes of irreducible Vj^-modules. 

Theorem 3.19. (Main result 1) 

(1) The stabilizer Hl of [0]" is isomorphic to CAut(Vz,)(^Vi,)/(^yt)- 

(2) //L/ia5noroofot/ienCAut(y.)(^vJ/(^yJ =C'(L)/(^yJ ^Hom(L,Z2).(0(L)/(-l)). 

Theorem 3.20. (Main result 2) Suppose that L is a 2-elementary totally even lattice 
with determinant 2™". Then Sl forms an {m + 2) -dimensional vector space over ¥2 under 
the fusion rules. Moreover, if n E 8Z then Sl has an Aut{Vj^) -invariant quadratic form 
associated with a non-singular symplectic form. 
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Theorem 3.21. (Main result 3) Suppose that Ql contains isomorphism classes of 
irreducible -modules of twisted type. Then L is 2-elementary totally even. Moreover 
if L has no roots then it is isomorphic to either \/2E^ or the Barnes- Wall lattice Aig of 
rank 16. 

Theorem 3.22. (Main result 4) Suppose that L does not have roots and that L is 
isomorphic to neither \/2E^ nor Aig. 

(1) gi-{[0]-,[A]±| AeL°n(L/2), |(A + L)2| = 2n} 

(2) The set P = U {[0]"^} forms a vector space over F2 under the fusion rules. 

See Section 3.2 for Theorem 3.20 and Theorem 3.21, and see Section 3.3 for Theorem 
3.19 and 3.22. 

The shape of Aut(V^) for an even lattice L without roots is described in the following 
way. Suppose that L is isomorphic to neither \plE^ nor Aig. By Theorem 3.22 (1), 
we obtain the orbit Ql of [0]~. Then by Theorem 3.22 (2), we have a natural group 
homomorphism Cy+ from KvXiy^^ to GL{P). Clearly, its kernel is a subgroup of the 
stabihzer if^ of [0]"". Hence by Theorem 2.7 and 3.19, we can determine the kernel of Cy+ 
in principle. The image Im Cy+ of Cy+ is a subgroup of GL{P) and the index of C,y+{HL) 
in Im C^y+ is equal to \Ql\- By Proposition 3.18 and Theorem 3.19, we determine C,y+{Hi). 
By group theoretical facts on general linear groups, there are a few possibilities of the 
shape of Im C,y+. Thus we can determine the image of and obtain the shape of 
Aut(l^+). 

When L is isomorphic to V^-Eg and Aie, the shape of Aut(Vj^) will be determined by 
using Theorem 3.20 in Section 4.2 and 4.3. 

4 Examples 

In this section, as an application of the results of the previous section, we determine 
Aut(V^) for many important lattices L. 

4.1 Even unimodular lattices without roots 

Let L be a positive-definite even unimodular lattice of rank n without roots. We note 
that if n < 16 then L has roots (cf. [CS]). Hence n > 24. By Theorem 3.21 (2), the orbit 
of [0]~ consists of only [0]~. Hence the following theorem follows from Theorem 3.19. 

Theorem 4.1. Let L be an even unimodular lattice without roots. Then 

Aut{V^) ^ 0{L)/{9v,) = }iom{L,Z2).{0{L)/{-l)). 
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4.2 y/2R for an irreducible root lattice R of type ADE 

Let R be an irreducible root lattice of type ADE. Wc note that the automorphism group 
of R was described in Table 1 and 0{R) = 0{\/2R). Set L = \plR. Then L has no roots. 
Let (5l be the orbit of [0]~. The following lemma is needed to describe Aut(Vj^). 

Lemma 4.2. (1) 

r 1 \iR^An {n^3),Ee,E7, 
\Ql\ ^{ 3 if R = A3,D^ (n>4), 

[7 if i? = L>4. 

(2) Suppose that \Ql\ > 1 and that R ^ E^. Let Ul he the suhspace of {L° fl {L/2))/L 
given in (3.9). Then the natural group homomorphism pl 0{L) — > GL{Ui) is 
surjective. 

Proof. The assertion (1) follows from Theorem 3.15. Clearly \Ul\ = {\Ql\ + l)/2. If 
R ^ D4 then it follows from dimt/^ < 1 that pl is surjective. The assertion (2) for the 
case R = D4 is an easy exercise. □ 

The shape of Aut{V^j^) except R — Eg is described in the following theorem. 

Theorem 4.3. Let R be an irreducible root lattice not of type Eg and set L = \/2R. Then 
the shape o/Aut(V£'") is described as follows. ■ 

(i) IfR = An{n^ 3), Eq or Ej then Aut(\/+) = 0{L)/{ev^). 

(ii) If R — A^ then Aut(Vj^) is of shape (2^ : Sym^j.Syms. 

(iii) IfR^ Di then Aut(y/) is of shape (2^ : SymA).GL^{2). 

(iv) IfR = Dn{n> 5) then Aut(\/+) is of shape (22"-3 ; Sym^).Sym^. 

Proof. If IQlI = 1 then Aut(y/) ^ 0(L)/(^vi) by Theorem 3.19. Hence (i) follows 
from Lemma 4.2 (1). 

Suppose \Ql\ > 1. By Theorem 3.22 (2), the set P ^ QlI^ WV} forms a vector 
space over F2 under the fusion rules. By Proposition 3.18 and Lemma 4.2 (2), the group 
homomorphism (y+ : Aut(V^) — » GL{P) is surjective. Let us determine its kernel. By 

Remark 2.6, 0{L) = Hom(L, Z2) : 0{L). Since [0]~ belongs to Ql, Ker Cy+ is a subgroup 
of the stabilizer of [0]~. By Theorem 3.19, 

Ker Cy+ C 0{L)/{ev,) ^ Hom(L, Z^) : (0(L)/(-l)). (4.1) 

By Proposition 3.18, 

Cy^{0{L)/{9v,))) - 2-^-^-^ : GLdi^p_i(2). (4.2) 

By comparing (4.1) and (4.2), we obtain the shape of Ker (y+. Hence (ii), (iii) and (iv) 
follow. □ 
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Note 4.4. The automorphism group of was determined in [MM]. In particular, 

^^^(^^^4) - 2' : iGL3{2) X Syrm). 

The group Aut(V^g ) was already obtained in [Gr2] (see [KM] for another proof) and 
the classification of 3-transposition groups is crucial in the papers. We will determine the 
automorphism group of V^^^ without using the classification. 

We recall the properties of the lattice N = V2Es. By Example 1.6 (2), is obtained 
by Construction B. By Proposition 1.9 (1), is a 2-elementary totally even lattice of 
rank 8 with determinant 2*. In particular, N° /N = 2^. It is easy to see that the type of 
the quadratic form N°/N ^¥2, X + N ^ (A, A) mod 2 is plus (cf. [CS]). By Table 1, 
0{N) ^ 2.0+(2). By 2.3, Aut(iV) ^ 2^2.0+{2). 

Let Sn be the set of all isomorphism classes of irreducible V^-modules. By Remark 
3.9 and Theorem 3.20, Sn forms a 10-dimensional vector space over F2 under the fusion 
rules and has the Aut(V^)-invariant quadratic form qn of plus type. Let 0{Sn) denote 
the orthogonal group on S associated with and let ^jv : Aut(V^^) — > 0{Sn) = 0]^o(2) 
be the natural group homomorphism. 

Let us determine both the kernel and image of ^at. It is well known that 0{N) / (—1) = 
0+(2) acts faithfully on A^VA^. Since A^° = A^/2, we have {h e Hom(A^,Z2)| h{2N°) = 
0} = {1}. By Proposition 3.7, the kernel of .^jv is trivial. Hence Aut(y^) C 0{S]\r). By 
Proposition 2.6, there is an automorphism a of such that a ^ 0{N)/{6vt^)- Hence 
we have {O{N)/{0v^),a) C Aut(y+) C 0{Sn). Since 0{N)/{9v^) ^ 2« : 0+(2) is a 
maximal subgroup of Oto{2) (cf. [ATLAS]), we have Aut(V;^) ^ 0{Sn) ^ 0^0(2)- 

Theorem 4.5. [Gr2, KM] The automorphism group ofV^^ is isomorphic to 0]^(2). 

Remcirk 4.6. The automorphism group of Vj^ is generated by 0{N)/{9vj^) and the extra 
automorphisms given in Section 2.3, where A" = ■\/2E^. 

Now we study the orbit Qn ol [0]~ more precisely. According to [ATLAS], the orbit 
decomposition of Sn under the action of the orthogonal group 0{Sn) is 2^" = 1+496+527, 
where 1, 496, 527 mean the zero vector, the set of 496 non-isotropic vectors, the set of 527 
non-zero isotropic vectors respectively. By the definition of the quadratic form qn given 
in Section 3.2, [0]~ is non-zero isotropic. Hence we obtain the following proposition. 

Proposition 4.7. The orbit Qn is the set of all non-zero isotropic vectors in (S'jv,?jv); 
namely 

<5iv = {[0]-,[A]±, [x]-\XeN°n{N/2), |(A + Ar)2| = 16, x&X{Z{N/Kn))}, 
where N = ^J2E^. In particular, the cardinality of Qn is 527. 
The results of this subsection are summarized in Table 2. 
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Table 2: Automorphism group of V' 



R 




\QV2r\ 


Al 


Z2 


1 


An (n^ 1,3) 


2" : Synin+i 


1 


As 


(2^ : 81/1714). Syms 


3 




{2'':Sym4).GLs{2) 


7 


Dn {n > 5) 


(22"-2 : Symn).Sym3 


3 




26 : Ui{2) : 2 


1 




2' : Spe{2) 


1 


Es 


om 


527 



4.3 Barnes- Wall lattice of rank 16 

We recall the properties of the Barnes-Wall lattice Aig of rank 16. By Example 1.6 
(3), A16 is obtained by Construction B. By Proposition 1.9 (2), Aie is a 2-elementary 
totally even lattice of rank 16 with determinant 2^ without roots. By Table 1, we have 
0(Ai6) = 2^+^ ■ Qt{2). It is easy to see that the type of the quadratic form A^g/Aie ¥2, 
A + A16 (A, A) mod 2 is plus (cf. [CS]). 

Let ^Ajg be the set of all isomorphism classes of irreducible V^^-modules. By Remark 
3.9 and Theorem 3.20, Sa^^ forms a 10-dimensional vector space over F2 under the fusion 
rules and has the Aut(V^g)-invariant quadratic form q\^g of plus type. Let 0{S\^g) denote 
the orthogonal group on S associated with q\^^ and let ^Ajg : Aut{V^^^) — > 0{S\^g) = 
Oj*o(2) be the natural group homomorphism. 

First we determine the kernel F of ^Ai6 • Let i^A^g be the stabilizer of the isomorphism 
class [0]~ of V^g. Then F is a normal subgroup of i^Aie- -^^y Theorem 3.19, we have 

Hm, = ^^Aut(y^,g)(^y^,g)/(^y^,g) = Hom(Ai6, Z2).(0(Ai6)/(-l)). (4.3) 

In particular, i^Aie is of shape 2i6.2^f)+(2). We set Fi = F n Hom(Ai6, Z2). By Propo- 
sition 3.7, Fi = 2^ and F/Fi = 2^. In order to determine the structure of F, we use the 
automorphism a e Aut(V^g) given in Section 2.3. It is easy to see that a'^Fia ^ Fi 

and the group Fi is a subgroup of the center Z(F) of F. Since 0(Ai6) acts irrcducibly on 
F/Fi and a does not normalize Fi, we have F = Z{F). Since Fi is an elementary abelian 
2-group, F is generated by elements of order 2. Hence wc obtain F = 2^^. 

Next we determine the image of ^Ai6- Set G — Hf^^^/ F. By (4.3) and the shape of F, 
the shape of G is 2^Q+(2). Since a ^ Ha^^, we have {G,a) C 0{Sa,^). Since 2«.Q+(2) 
is a maximal subgroup of ilJo(2) and |Oj)(2) : Q]'^(2)| = 2, the image of ^Ai6 is of shape 
fi+ (2) or 0+ (2). 

Now we consider the action of O('S'Aig) on ^Aig- Similar arguments as in the previous 
section show that the cardinality of the orbit Qaig of [0]" is less than or equal to 527, 
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which is the number of non-zero isotropic vectors in S\^g . Hence we have 

|Q+(2)| < llmeAiel < 527- \G\. 

Since 527-|G| = |f2^Q(2)|, we have Im ^Ai6 = {G, cr) = ^^^{2). In particular, the cardinahty 
of (5ai6 is 527. Therefore we obtain an exact sequence 

l^F^ Aut(y+J ^ {G, a) ^ 1. (4.4) 

Finally we show that this exact sequence is non-split. According to Theorem 1 in 
[Grl], the shape of the group B = 0(Ai6)/( — 1) is 2^.r2^(2) and it is non-split. Since 
f2^(2) is simple, B does not have a subgroup of shape Qg{2). Let A be the normal 
subgroup of B of shape 2^. Set K = Hom(Ai6,Z2) C i^A^g. Then H^^^^/K = B. Suppose 
that (4.4) is split. Let C be a complement to F in Aut(V^g). It is easy to see that 
K{C n HAie)/K ^ B/A. This imphes that H^^JK has a subgroup of the shape 11^(2), 
which is a contradiction. Hence the exact sequence (4.4) is non-split. 

Summarizing the results above, we have the following theorem. 

Theorem 4.8. The shape of the automorphism group ofV^^^ is 2^^ • Q]'q(2). 

Remcirk 4.9. The automorphism group of is generated by 0{Aiq)/ {Oy^^J and the 
extra automorphisms given in Section 2.3. 

Remcirk 4.10. As in Proposition 4.7, the orbit Qai6 of [0]~ is the set of all non-zero 
isotropic vectors in (-S'A^g, ^Ajg), namely 

Qai6 = {[0]-,[A]^, [x]+| Ae A°6n(Ai6/2), |(A + Ai6)2|=32, x ^ X{Z{A,,/KaJ)}. 
In particular the cardinality of QA^g is 527. 
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